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Dealing with huge Hilbert spaces



Dealing with huge Hilbert spaces

*ED: Ignore and solve small



Dealing with huge Hilbert spaces

*ED: Ignore and solve small

*QMC: Importance sampling



Dealing with huge Hilbert spaces

*ED: Ignore and solve small
*QMC: Importance sampling
*RG:Truncate



There are some states of some systems for which the
relevant piece of the Hilbert space is small
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DMRG finds this small piece of the Hilbert space



DMRG finds this small piece of the Hilbert space

(so you can use ED to solve the problem)
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Density Matrix operator
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Density Matrix characterization

0 is a DM iff;

o trp =1
o (Y|pl) =0 VY

Nielsen & Chuang p. 101




Density Matrix characterization

0 is a DM iff;

o trp =1
o (YlplY) =0 VY
1 1 —V3
pZZ(—\/ﬁ 3 >

SRR — e
Nielsen & Chuang p. 101




Reduced density matrix

pa =tre(pan)




Reduced density matrix

pa =tre(pan)
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Reduced density matrix

pa =tre(pan)

V) = —= (1) +[IN)

1
V2
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pa=tr(l)) =5 (o 1 )
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Best description of part A




Reduced density matrix

pa =tre(pan)

1
[¥) = 7 (T4 +141)
\ 1

@

Best description of part B




Schmidt decomposition

¥y =) Ailia)lin)

/A >0; {lia)}, {liB)} orthonormal basis A, B

Nielsen & Chuang p. 109
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Putting all together



Putting all together

/v pa = tre(|Y)(Y])

)
N s = tra(e) )

build reduced DMs




Putting all together

a pa =trp(|[V){d]) — {Xi;lia)}

)
N pn = tra() @) = {ha lin))

build reduced DMs diagonalize




Putting all together

/v pa = trp(|V)(¥]) — {Ai,lia)} .

NSch

) ) = Z Ailta)|ig)
N s = tral) ) — D lin)}

build reduced DMs diagonalize




Controlled approximation
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Approximating wavefunctions m < Ngcp
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Approximating wavefunctions m < Ngcp

P = 1)

—

H = Z [§Z . Siiq + % (57, . @H)ZI

| Affleck et al, PRL 59 (1987) 799 |
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Approximating wavefunctions m < Ngcp
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General, incl. 2D




Von Neumann Entropy







Scaling of the entanglement entropy
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Scaling of the entanglement entropy

|D gapped:

|D gapless:

Son(L) ~log(&) = lim m ~ const



Scaling of the entanglement entropy

ID gapped:  S,n(L) ~log(§) = Tim m ~ const

\
OK for DMRG
ID gapless: S,y (L, -Tc@(ES lim m ~ Le/3
2D gapped: Area law?

d—1 . 7,4-1
2D 8ap|ess: S”UN(L) ~ L — L11_>II;Om ~ €



Scaling of the entanglement entropy

|D gapped: Syn(L) ~log(§) = lim m ~ const
G!

O |
ID gapless:  S,n(L, _—10g(L) = lim m ~ L3
3 L— o0

06l ©° SN —0.3 (L =100)
oo SVB(L=100)
- ma SN (L =100)

2
2D gapped: 03
|
S %0.4 : ,d—l
2D gapless: o R A
03] 10
N

Ann B. Kallin et al, PRLI177203




Scaling of the entanglement entropy

|D gapped: Syn(L) ~log(§) = lim m ~ const

\
OK for DMRG:
D gaPIESS: Sun (L, /m?(gglim m ~ L¢/3
3 L— 00
06l 0 S;le—os (le 1|00)|
V| @0 $VE(L=100)
5 | =a SN (L =100)
2D gapped: n
,d—l
2D gapless:

Ann B. Kallin et al, PRLI177203
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Truncating matrices

— Up, U ™!
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Truncating matrices

~

pa™ = UpaU~™
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Truncating matrices




A renormalization transformation

>[) = > Aglia)lin)

truncate the basis




A renormalization transformation

transform operators

H ” H — UtruncHUt;qanc
solve solve

v v

) >[) = ) Ailia)lis)

truncate the basis




A renormalization transformation

NSch X NSch
cransform operators

H ” H — UtruncHUt;qanc
solve solve

v v

) >[) = ) Ailia)lis)

truncate the basis




A renormalization transformation

NSch X NSch

m X m
cransform operators
H g H — UtruncHUt;qanc
solve solve
v v
m
) >[) & Y Ailia)lin)

truncate the basis




A renormalization transformation

NSchXNSch m X M,

cransform operators

H > H — UppuncHU, .

runc

Way smaller matrix gives the “same”
wavefunction

[ —

) > |9) A~ ZAi|z‘A>\z‘B>

truncate the basis

|




Recap

*| D ground states are slightly entangled
e controlled approximation to wavefunction

* reduced DM diagonalization gives RG transformation
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Tutorial code: Heisenberg model




Tutorial code: Heisenberg model

1. [2L N 1
SUN(Z)zéln 78111 (%) —|—§CLN—|—lng

m ~ BSvN(L/Q) ~ Ll/G

——w Calabrese & Cardy |PhysA (2009)

T



The DMRG plan



The DMRG plan

|. Find the small part of the Hilbert space spanning
the ground state wavefunction



The DMRG plan

|. Find the small part of the Hilbert space spanning
the ground state wavefunction
2. Diagonalize exactly the Hamiltonian in this
subspace



Splitting the chain in blocks

H:JZ§i°§i+la S=1/2



Splitting the chain in blocks

H:J2§i°§i+1, S=1/2

blockHamiltonian blockHamiltonian




Splitting the chain in blocks

H:J2§i°§i+1, S=1/2

blockHamiltonian blockHamiltonian
system environment
=Y o) ® o) (i) @ b))
€;—1,04,

Oit+1,bi42



Building the Hamiltonian
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Building the Hamiltonian




Building the Hamiltonian




Building the Hamiltonian




Building the Hamiltonian




Building the Hamiltonian




Building the Hamiltonian
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Implementing the RG transformation




Implementing the RG transformation

blockH’
Sx?

Sz’

Utrune * system.blockH x U

Utrunc k SX *
Utrunc X Sy i

Ut’runc * SZ *

UT

trunc

UT

trunc

UT

trunc

T
trunc



Implementing the RG transformation

’-------\

o 0 o o

B B N N = =




Implementing the RG transformation

system.blockH =blockH’ +
Sx’ ®o" + 8y’ ®o? 4+ 8z’ ®o~°




Growing the system

o O O O

o O 090 O O

o O O 090 O O O

aka. infinite-size algorithm



Now what!?

o O O -0 ¢ O O




Now what!?

Use old operators here



First sweep to the left, then sweep to the right

9 O ¢ O
o 090 ¢ O

o O O ¢ O
J o 10 O
@ ® 6 O

® O @

aka. finite-size algorithm



A real-life example
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Summary



Summary

* | D ground states are slightly entangled



Summary

* | D ground states are slightly entangled
* reduced DM diagonalization gives a RG transformation



Summary

* | D ground states are slightly entangled
* reduced DM diagonalization gives a RG transformation
* DMRG iterative algorithm implementing that RG
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Optimizations

http://boulder.research.yale.edu/Boulder-2010/Lectures/White/



http://boulder.research.yale.edu/Boulder-2010/Lectures/White/
http://boulder.research.yale.edu/Boulder-2010/Lectures/White/

Optimizations

e Use symmetries

http://boulder.research.yale.edu/Boulder-2010/Lectures/White/
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Optimizations

e Use symmetries

* Guess for Lanczos (aka wf transformation)

http://boulder.research.yale.edu/Boulder-2010/Lectures/White/
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Optimizations

e Use symmetries
* Guess for Lanczos (aka wf transformation)

* Everything under m?

http://boulder.research.yale.edu/Boulder-2010/Lectures/White/
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http://boulder.research.yale.edu/Boulder-2010/Lectures/White/

Optimizations

e Use symmetries
* Guess for Lanczos (aka wf transformation)
* Everything under m?

* Aim for 95% in dgemm

http://boulder.research.yale.edu/Boulder-2010/Lectures/White/



http://boulder.research.yale.edu/Boulder-2010/Lectures/White/
http://boulder.research.yale.edu/Boulder-2010/Lectures/White/

Measurements

j J

@ 0 0 0 0 0 0 o

(V57 S5 |9) ~ (DT al ST SFIVTo)

S; = 0(i, L/2)S; 0'(i, L/2),
O(Za L/Q) — Utrunc(i)Utrunc(i + 1) "o Utrunc(L/Z)



Fermionic sign

_ =1 ~ LT

C;C; — C;Si41°°"55—-1C5, S, — €

Jordan-Wigner transformation



MPS, PEPS & stuff
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