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Outline

1.  The Fekete problem and Smale’s 7th problem.
2.  The Forces method.
3.  The FinisTerrae challenge.



1.1  The Fekete problem

We call the Fekete problem that of determining the N-tuples of points
                                                 , that minimize on a compact set
               a potential energy functional        that depends on the relative
distances between the N points. The N-tuples         are called the 
Fekete points.
Logarithmic energy: Riesz’s energies: 

Newtonian energy:
Best-packing problem:

General case: 

Applications: Physics, Numerical Methods, Complexity Theory.



1.2  Smale’s 7th problem

¿It is possible to design an algorithm that finds a configuration x of 
points on the 2-sphere satisfying the condition
 

in time polynomial in N ?

Here        represents the logarithmic potential energy and        are the
Fekete points associated with this energy on the 2-sphere.      

It is known that



2.1 The Forces method

+ return algorithm



2.2 The coefficient a



2.3 The cost of a local minimum
Cost at each step: the logarithmic energy requires only elementary operations 
for the actualization of the forces (O(N2) operations), since it is not necessary to
compute the energy.



2.4 The versatility of the method



3.1  The FinisTerrae challenge



3.2 The FinisTerrae challenge

Large scale experiments:

I.  The cost of a local minimum (150000 hours):

        -For N=10000, a total of 1000 runs attaining an error of 10-9 .
        -For N=20000, a total of 100 runs attaining an error of 5·10-10 .
        -For N=50000, a total of 10 runs attaining an error of 10-10 .

II.  Robustness (40000 hours, 1024 CPUs working in parallel): 

        -For N=106, a total of 3000 steps from a delta starting position.

III.  Sample information for Smale’s 7th problem (160000 hours):

        -Almost 5.1·107  runs for different N between 300 and 1000.  



3.3 The FinisTerrae challenge



3.4 The FinisTerrae challenge I



3.5 The FinisTerrae challenge I



3.6 The FinisTerrae challenge II



3.7 The FinisTerrae challenge II



3.8 The FinisTerrae challenge II



3.9 The FinisTerrae challenge III

Key questions:

-¿Which is the cost of a local minimum?

-¿Which is the value of                  ?

-¿Which is the probability of finding a minimum satisfying Smale’s
conditions?

Smale’s 7th problem: 



3.10 The FinisTerrae challenge III



3.11 The FinisTerrae challenge III

Sample probability distributions:



3.12 The FinisTerrae challenge III

The theoretical model:



3.13 The FinisTerrae challenge III

A plausible probabilistic solution: the moments.



3.14 The FinisTerrae challenge III

A plausible probabilistic solution: the supports.



3.15 The FinisTerrae challenge III

A plausible probabilistic solution: the histograms.

N=400

N=1000



Conclusions

 We have performed in FinisTerrae different large scale experiments to study 
the computational complexity of the Fekete problem.  

 We have obtained approximate local minima for N=10000,20000,50000. The 
computation times were in good agreement with the predictions.   

 We have collected the largest sample ever obtained for Smale’s 7th problem. 
This has allowed us to characterize different features of the problem.

 We have shown that there exist theoretical models that adjust well all the 
sample information and that are compatible with the hypoyhesis of polynomial 
average cost, which establishes the plausibility of a probabilistic positive solution 
to Smale’s 7th problem. 

 The experiment for N=106 confirmed the formula for the step size and 
corroborated the robustness of the Forces Method.  
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